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Molecular dynamics simulations of a classical asymmetric electron bilayer for various values of the inter-
layer separation distance d and various degrees of asymmetry have been performed. The number of charged
particles in the basic cell of one layer was fixed at 512, corresponding to a coupling strength ��= e2

akBT � of 80,
while that of the other varied from 32 to 512 particles, corresponding to a � of 20 to 80; a is the Wigner-Seitz
radius. We have analyzed the intralayer and interlayer pair-correlation functions and the self-diffusion coeffi-
cients of the two layers and compared them with those of a symmetric electron bilayer. It is found that the
self-diffusion coefficients of the two layers do not differ significantly for values of d�0.8 with a marked
deviation setting for d=2. A fluid-solid phase transition, observed previously for the symmetric bilayer for
certain values of d, no longer exists even for the slightly asymmetric �512,450� bilayer we considered.
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I. INTRODUCTION

Strongly coupled charged-particle bilayers have been a
subject of considerable research over the past decade and
more. In such systems, each layer is made up of identical
charged particles and immersed in a uniform neutralizing
background of the opposite charge. For the most part, these
studies have been confined to symmetric bilayers where the
density of the charged particles is the same in the two layers.
Static and dynamic properties of classical and symmetric bi-
layer systems made up of charges of the same sign have been
investigated through molecular dynamics �MD� �Refs. 1–5�
and theoretical models.6–8 Symmetric electron-hole systems
in which the two layers are made up of charged particles of
opposite signs but have same density have also been
investigated.9–12 Properties of such systems depend only on
two parameters: the interlayer separation d and the classical
plasma coupling parameter �= e2

akBT , the ratio of the average
potential energy to the average kinetic energy per particle.
a= �n��−1/2 is the Wigner-Seitz �WS� radius, with n as the
areal density, kB as the Boltzmann constant, e as the elec-
tronic charge, and T as the temperature. However asymmet-
ric bilayers, in which the two layers have different charged-
particle density, have not received much attention.13,14 This
asymmetry introduces another parameter: the ratio of the two
densities or equivalently in the MD simulations, the number
of charged particles in the basic cell in each of the two lay-
ers. Such systems are of importance, for example, in semi-
conductors. We have performed MD simulations to study
how the self-diffusion coefficients of the two layers are af-
fected by the asymmetry. The intralayer pair distribution
functions �pdfs� g11�r� and g22�r� have also been obtained
and analyzed.

II. SIMULATION DETAILS

The system to be simulated is a bilayer with different
densities in the layers. We have used square basic cells of the
same size in both layers and periodic boundary conditions.

We take there to be N1 electrons in the lower layer and N2
electrons in the upper layer, all interacting through a 1 /r
Coulomb potential. Subscripts “1” and “2” on any quantity
refer to the lower and upper layers, respectively. These layers
are parallel planes separated by a distance d; each particle is
constrained to move only in its original plane. Charge neu-
trality in each plane is guaranteed by embedding the particles
in a uniform background of opposite charge. The thermody-
namic state of the system is specified by �1, �2, and d. The
temperature is kept the same in both the layers, but the cou-
pling strength � is different since the WS radii for the two
layers are different.

Details of the simulation and the extended Ewald sum
technique have been described in our earlier paper.15 For the
sake of completeness, we include some of the essential fea-
tures of our method here. The dynamics in our MD simula-
tion needs the force, and, as an example, the force on any
one particle in the lower plane due to all particles in both
planes is given by
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The layers are separated by a distance d along the z axis;

then s�1j =r�1−r� j + p� and d�1j =r�1−�� j +d� + p� , where r�i denotes
the position of the ith particle in the same �x ,y� plane and �� j
the position of the jth particle in the other �x ,y� plane; L is
the length of the square simulation cell. The sum over p� is a
sum over integers k1 and k2 with p� =L�k1 ,k2�; the prime on

this sum implies that if p� =0� , the i= j term is to be omitted.
The sum over g� is a sum over integers 	1 and 	2 with g�
= 2�

L �	1 ,	2�. The Ewald parameters � and � are chosen so
that both series in Eq. �1� converge rapidly; our analysis
indicates that an optimum choice for both these parameters is
8 /L. Acceptable accuracy for the sum in the first term of Eq.

�1� can be obtained using 
	� 
 as small as 5; however we used


	� 

10 in the calculations presented here. This is sufficiently

large so that only the p� =0� terms in the p summation in Eq.
�1� need to be retained, implying that the real-space terms
vanish at a distance corresponding to L /2. All quantities in-
volved are in dimensionless units: distance in units of WS

radius a1, time in units of �=�ma1
3

e2 , and energies in units of
e2 /a1. Even though the two layers do not have the same
surface density, we have kept the basic cell in our MD simu-
lation as a square with the same side length L= �

N1

n1a1
2 �1/2

= �
N2

n2a1
2 �1/2 in both the layers. Using the definition of the WS

radius, this then yields the relation between the coupling
strengths in the two layers as

�2 = �1
a1

a2
= �1�N2

N1
. �3�

We chose N1=512 and N2=2k2 with k taking on integer val-
ues from 4 to 16, yielding the smallest value of �2 as �1 /4.
These values of N1 and N2 allow us to have a face-centered
structure as our starting configuration in each of the layers.
The dimensionless temperature T �in units of 1 /kB� is then
given by 1 /�1 which was kept the same in both layers. The
desired temperature was reached by scaling the velocities of
the electrons in each of the two layers at regular time inter-
vals. Once the equilibrium was achieved, the system was
allowed to evolve without any temperature scaling. The tem-
peratures of both layers were monitored, and they did not
vary by more than 2%. Our MD simulation provides the
position vector r�k�t�= �xk�t� ,yk�t�� and the velocity vector
v�k�t�= �vkx�t� ,vky�t�� for k=1 to N1 �or N2� particles in each
of the two layers and for 10 000 times separated by a time
step of 0.06. These data are then used to obtain the various
correlation functions. Simulations were performed for one
value of �1=80 for several values of d from 0.1 to 4.0 and
for 13 values of N2 from 32 to 512. A bilayer is described by

the number of particles in each of the lower and upper layers
and will be denoted by �512,N2�. We chose �1=80 since for
this value of the coupling constant, we have performed ex-
tensive MD simulations for a symmetric bilayer.2,4 We could
then readily compare the results of symmetric and asymmet-
ric bilayers to see how the presence of a layer with different
densities would affect the properties in a given layer. It has
been shown, for example, that a symmetric bilayer with �
=80 exhibits a phase transition at intermediate values of d,2,5

and it would be very interesting to see whether or not an
asymmetric bilayer shows such a behavior.

III. RESULTS

The MD data for the position vector and the velocity vec-
tor for any specific value of � and d can then be used to
obtain the corresponding static or dynamic correlation func-
tion. The quantities of interest in this study are the intralayer
pair-correlation functions g11�r� and g22�r� and the mean-
square displacement ��r2�t�� from which the self-diffusion
coefficient D is obtained. All of these quantities can be ob-
tained from the position vector data set alone. The relevant
formulas are

g�r� =
�n�r��

2�r�rn
, �4�
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where �n�r�� is the average number of particles in one of the
layers in an annulus of radius r and thickness �r, centered at
a given particle, and N is the number of particles in the layer
under consideration.

A. Pair-correlation functions

We have obtained the intralayer pair distribution functions
g11�r� and g22�r� and interlayer pdf g12�r� for a number of
values of N2 and d. Figure 1 shows plots of g11�r�, the lower
layer pdf, for selected values of N2 for �a� d=0.1 and �b� d
=0.8. The coupling strength � of the lower layer is fixed at
80. The plots are staggered for clarity. From bottom to top in
these graphs, N2=512, 392, 288, 200, 128, 72, and 32. The x
axis is r in units of a1.

For d=0.1, the two layers are very close to each other and
the system behaves essentially as a single layer system. The
effective � is then about 80�2 for the symmetric case which
slowly decreases to 80 as N2 decreases. Hence for all N2,
such a system is in the fluid state �solidification of a single
layer electron system occurs around ��130� and the pdfs
will be representative of this state. This is exactly what is
seen; however, the position R1 of the first peak moves slowly
from about 1.27 for the �512,512� symmetric bilayer to about
1.75 for the �512,32� bilayer, while the peak height is essen-
tially constant. Since the bilayers under consideration are in

S. RANGANATHAN AND R. E. JOHNSON PHYSICAL REVIEW B 78, 195323 �2008�

195323-2



the strongly coupled “liquid phase,” the peaks in g11�r�
should emulate the underlying lattice structure. It has been
shown16 that a symmetric bilayer Wigner crystal possesses a
simple hexagonal phase for d�0 with a lattice constant of
about 1.34 and a staggered hexagonal phase for large d with
a lattice constant of about 1.88. The asymmetric �512,32�
bilayer for small d would almost be equivalent to a single
layer emulating a simple hexagonal phase and not a stag-
gered one since the density of the top layer is small; how-
ever, the lattice constant would correspond to that of a sym-
metric bilayer at large d. This is what is reflected in the
position R1 of the first peak in g11�r� as we go from a sym-
metric bilayer to a �512,32� bilayer where the density of the
upper layer is the weakest.

For d=0.8, where previous studies of a symmetric
bilayer1 have shown very strong interlayer correlations, the
g11�r� plots for the asymmetric layers indicate quite a differ-
ent behavior, especially for higher values of N2. For the sym-
metric bilayer �lowest plot�, we see the formation of a small
second peak augmented by a pronounced long-range order,
indicative of a solidlike behavior which has been discussed
extensively.1,2 The position of the first peak of the symmetric
bilayer now reflects that of a staggered square phase with a
lattice constant of about 1.76. As before, the plots then move
slowly to that of a fluid phase with an underlying simple
hexagonal structure for the �512,32� bilayer, and thus the
peak positions do not change appreciably. For N2=392, there
is a remnant of the small second peak but long-range order

has disappeared and it no longer mirrors a solidlike system.
As N2 is further decreased, the plots imitate that of a fluid
phase and become almost identical to the d=0.1 plots.

Figure 2 shows plots of g22�r�, the upper layer pdf, for
various values of N2 for �a� d=0.1 and �b� d=0.8. Here also
the plots are staggered for clarity, and from bottom to top in
these graphs, N2=512, 392, 288, 200, 128, 72, and 32. Even
though a2 �which depends on N2� is now a logical choice as
the unit of distance, we have chosen a1 when plotting at d
=0.1 since the two layers are so close to each other. It also
makes for easier comparison with g11�r�. For d=0.1, the first
peak position moves in the same way as we noted for g11�r�.
This is to be expected but we note that the peak height de-
creases as N2 decreases. As N2 decreases, a particle in the
upper layer interacts with fewer particles in its own layer and
with far more particles in the lower layer. This is exactly
opposite in the case of a particle in the lower layer. Thus
g22�r� is affected far more than g11�r� by particles in the
other layer, and this becomes more pronounced as N2 gets
smaller. This seems to lower the effective � of the upper
layer thereby reducing the peak height. For d=0.8, the inter-
layer correlations, which have been shown to manifest itself
most strongly for this interlayer separation, seem to reduce
the upper layer � considerably more in this case than for
other values of d. Thus for N2=32, the upper layer behaves
like a dilute electron gas. It should be noted that in this plot,
r is in units of a2.
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FIG. 1. Intralayer pair-correlation function g11�r� of the lower
layer for �1=80; �a� d=0.1 and �b� d=0.8; N2=512, 392, 288, 200,
128, 72, and 32 �from bottom to top�; d and r are in units of a1.
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FIG. 2. Intralayer pair-correlation function g22�r� of the upper
layer for �1=80 and N2=512, 392, 288, 200, 128, 72, and 32 �from
bottom to top�; �a� d=0.1 with r in units of a1 and �b� d=0.8 with
r in units of a2=�512 /N2.
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Figure 3 is intended to show the effect of the interlayer
separations on the pdf for a significantly asymmetric system.
Here are plots of g22�r� for various values of d for N2=72.
For d=0.1, the 512 particles in the lower layer have consid-
erably more effect on a particle in the upper layer than do the
other 71 particles in the same layer. Therefore the effective �
of the upper layer is closer to �1�=80� than to �2�=30�. Thus,
we see a strong first peak and a long-range order suggestive
of a strongly coupled electron liquid. For a large d�=2.0�, the
interaction between the two layers is negligible and �2
should be approximately 30, indicating a dilute electron gas.
Thus the pdf has essentially one wide, soft peak with no
long-range order. The intermediate values of d show the tran-
sition from one thermodynamic state to another.

Figure 4 shows plots of the interlayer pdf g12�r�, for se-
lected values of N2 for �a� d=1.2 and �b� d=0.8. All the
parameters are the same as for Fig. 1. For d=0.1, the two
layers are very close to each other and the system behaves
essentially as a single layer system. Thus we do not expect to
see any change from the intralayer pdf g11�r�. Even for d
=0.3, there were no appreciable differences between g11�r�
and g12�r�. Thus we have plotted g12�r� for d=0.8 and 1.2.
For d=0.8, a symmetric layer g12�r� does exhibit strong and
long-range correlations, similar to that of g11�r�. As N2 is
decreased, these features dissipate quickly and the height of
the first peak also decreases as to be expected. For d=1.2, no
long-range correlations exist, and as N2 gets smaller, g12�r�
shows just small oscillations around 1.

The effect of the interlayer separation on g12�r� is shown
in Fig. 5 for a fixed value of N2=72. The behavior is as
expected; the peak heights decrease with increasing d, indi-
cating the reduced effect of cross correlations, and for a high
value of d=2.0, g12�r� is essentially flat at a value of 1.

B. Diffusion

The self-diffusion coefficients, D1 for the lower and D2
for the upper layer, were obtained using Eq. �6�. For periodic
boundary conditions, the allowed displacements of the par-
ticles are obviously bounded, but to calculate the mean-

square displacements, we need the “true” atomic displace-
ments. This is achieved by removing the effects of the
wraparound through a well-established algorithm.

Figure 6 shows these results �in units of a1
2 /�� as functions

of N2 for various values of d. The solid line represents D1,
while the dashed line represents D2. Note that the two diffu-
sion coefficients are essentially the same for d=0.1. For a
symmetric bilayer �512,512�, the effective � for d→0 is
80�2 with a diffusion coefficient of 0.008 which agrees with
our value of D1 �and D2�. At the other end, for �512,32�, the
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FIG. 3. Intralayer pair-correlation function g22�r� of the upper
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0

1

2

3

4

5

6

7

8

9

0 1 2 3 4 5 6 7 8

g 1
2(

r)

r

(a)

512

392

288

200

128

72

32

0

1

2

3

4

5

6

7

8

9

0 1 2 3 4 5 6 7 8

g 1
2(

r)

(b)
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effective � for d→0 is very close to 80 with a diffusion
coefficient of 0.018 which again agrees with our value of D1
�and D2�. We do not see any deviation in the two diffusion
coefficients for d
0.8. For d=1.2, the deviation sets in for
N2
300, while for d=2.0 the deviation is seen for any value
of N2. D1 still ends up around 0.018 for N2=32, for all values

of d. However, the upper layer diffusion coefficient D2 goes
to much higher values. At d=2.0, there is negligible interac-
tion between the two layers, and hence the respective diffu-
sion coefficients should reflect those of an isolated layer. The
plots show that this is indeed the case.

Figure 7 shows the effects of the asymmetrical density of
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the two layers; here are plots of the two diffusion coefficients
as a function of d, for various values of N2. The solid line is
D2 �upper layer� and the dashed line is D1 �lower layer�. The
diffusion coefficient for a symmetric bilayer is shown as a
dotted line. The various values of N2 are shown inside the
plots. The horizontal line at D=0.0025 in the plot for N2
=450 has been taken from a previous study2 as the freezing
criterion of any two-dimensional system. Thus we note that
even the slightly asymmetric �512,450� bilayer at a coupling
strength of �1=80 does not exhibit a phase change for any
value of d. However since the diffusion coefficients do show
a dip for intermediate layer separations, a phase transition
may occur in certain asymmetric layers for higher values of
the coupling strength.

IV. CONCLUSIONS

We have performed extensive molecular dynamics calcu-
lations of asymmetric electron bilayers for various values of

asymmetry and interlayer separations. We have analyzed, in
particular, the diffusion coefficients in the two layers and the
intralayer pair distribution functions. The self-diffusion coef-
ficient of the lower layer shows only a slight dependence on
the interlayer separation, whereas that of the upper layer sug-
gests a considerable dependence. The two diffusion coeffi-
cients are basically the same for very small d but deviations
set in especially for d1. While a symmetric bilayer has
been shown to exhibit a phase transition for some values of
d, asymmetric bilayers for the chosen value of �1�=80� do
not seem to have this feature even for N2=450. But since the
diffusion does show a dip for larger values of N2, a higher
value of �1 may exhibit a phase transition.
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